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^ ABSTRACT 

We study ^-functions for a one parameter family of quintic threefolds defined over finite 
^ fields and for their mirror manifolds and comment on their structure. The (^-function for 

' the quintic family involves factors that correspond to a certain pair of genus 4 Riemann 
curves. The appearance of these factors is intriguing since we have been unable to 'see' 
these curves in the geometry of the quintic. Having these (^-functions to hand we are led 
to comment on their form in the light of mirror symmetry. That some residue of mirror 
symmetry survives into the ^-functions is suggested by an application of the Weil conjec- 
tures to Calabi-Yau threefolds: the ^-functions are rational functions and the degrees of 
the numerators and denominators are exchanged between the ^-functions for the manifold 
and its mirror. It is clear nevertheless that the (^-function, as classically defined, makes 
an essential distinction between Kahler parameters and the coefficients of the defining 
polynomial. It is an interesting question whether there is a 'quantum modification' of the 
(^-function that restores the symmetry between the Kahler and complex structure param- 
eters. We note that the (^-function seems to manifest an arithmetic analogue of the large 
complex structure limit which involves 5-adic expansion. 
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10. Introduction 



This paper is a continuation of [1] where it was shown that the number of F^-rational 
points of the one parameter family of quintic threefolds M{ip), described by the zero locus 
of the polynomial 

5 

P{x,iIj) = ''^xf — 5iIj X 1X2X3X4X5 , (10-1) 

i=l 

with q = is a, power of a prime p ^ 5 and -0 G I^, may be computed in terms of the 
periods of Ai{t(j). In the following we shall denote by Nr{i/j) the number of projective 
solutions over ¥pr to the equation P{x, ip) = 0. 

A first point is that the expressions obtained in [1] are computable in a practical sense 
and this allows us to make some observations on the structure of the ^-function for these 
varieties based on numerical experiment. The ^-function is defined in terms of the A^^ by 
the expression 

/ 00 \ 

at,^) = explS^NrW-j . (10.2) 

and has an interesting structure which we discuss in this article. 

Our principal result in this direction is that for general iIj (that is '(/'^ 7^ 0, 1, 00) the 
(^-function has the form 

^^^''^^ = {l-t){l-pt){l-pH){l-pH) ■ 

In this expression the i?'s are quartic polynomials in their first argument that satisfy the 
Riemann relation 



and p (= 1,2 or 4) is the least integer such that p''—l is divisible by 5. Thus for 
example, has the structure 

Ri{t,iP) = l + a^{iP)t + bi{iP)pt'^ + ai{iP)pH^+pH'^ 

with ai and bi integers that vary with if;. The other factors i?^ and Rb have a similar 
structure. It is intriguing that these factors are related to certain genus 4 Riemann curves 



1 



(again for general values of V') which we call A and B. What is meant by this is that there 
is a genus 4 curve A with ^-function satisfying 



(1 — u)(l — pu) ' 

with an analogous relation obtaining for another curve B. It is a surprising fact consequent 
on the simple form of C,m that the entire function is determined by six coefficients, the two 
coefficients ai(V') and 61(7/') and the analogous coefficients for Rj^ and Rb- 

Over C the family M{il>) is a one parameter subfamily of a 101-parameter family of 
complex manifolds. The number of rational points of M. over ¥q is in a certain sense a 
p-adic period of Ai that varies with the parameters. It is natural when calculating Nr{ip) 
to pass to p-adic analysis and once this is done the computations are in many respects 
analogous to processes in the study of the variation of the complex structure of M.. 

Now the variation of complex structure of M.{ip) corresponds to a variation of the 
coefficients of its defining polynomial 

P{x^ ip) — > P{x, ip) — h5ip + 5cv x^ . 

We shall largely adhere to the conventions and notation of [1]. In particular we employ 
a multiindex notation such that ""J". We use 1 to denote the vector 

(1, 1, 1, 1, 1) so that x^ = X1X2X3X4X5 is the fundamental monomial which, for notational 
convenience, we denote also by Q. There are a total of 126 quintic monomials however these 
are to be understood as evaluated modulo the ideal X = (^■§^^, generated by the partial 
derivatives of P, and this reduces the count to 101. Here we will use v to label quintic 
monomials distinct from Q. The monomials Q and x^ label the differential equations 
that the periods satisfy as we see by following the Dwork-Griffiths method as in [1] . This 
amounts to considering all monomials of degree divisible by 5 modulo the ideal I. On 
this set there is a natural operation of multiplication by Q, which in the Dwork-Griffiths 
method corresponds to differentiating with respect to tp. 

I ^ Q ^ Q2 ^ Q3 , 

X ^ X • ^^v" 

Owing to the fact that e T and Q'^x^ e I. This diagram takes care of all monomials of 
degree divisible by 5 apart from the degree 10 monomials corresponding to v = (4, 3, 2, 1, 0) 
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and its permutations. These are in X except when if;^ = 1 and contribute to the ^-function 
for the conifold but not for other values of ip. The upshot is that the first fine leads to a 
differential equation of degree 4 while the second line gives rise to a differential equation 
of degree two for each v, that is a hundred differential equations. The total dimension of 
the space of solutions is then 204 = b^{Ai) which is the correct count for the total number 
of periods. 

Since the number of rational points over ¥pr may be computed from the periods it 
follows that this number admits a decomposition of the form 

Nrii^) = N^,rW+Y,N^,rW (10-4) 

V 

with A^v,r(V') the contribution from the periods that satisfy the differential equation with 
operator C^. This decomposition is given explicitly by (9.19) of [1] for example. It is of 
interest to note that while the A^r('*/') cire of course positive integers the individual A^v,r('*/') 
are rational but are not in general either positive or integral. 

We shall recall presently the relationship of a Calabi-Yau manifold to its mirror in 
the context of toric geometry and reflexive polyhedra, for the case that the manifold can 
be presented as a hypersurface in a toric variety. This discussion is applicable to a wider 
class of examples than the quintic. If, as here, the weights, ki, of the coordinates divide 
the degree, that is ki \ Yl^=i each i, then the mirror manifold may be constructed as 

the resolution of a quotient /F of a subfamily of manifolds A4 that are symmetric under 
a group of automorphisms F. For the case of the quintic this is particularly simple. The 
symmetric manifold is given by quintic as in (10.1) and F is the group of automorphisms 

F : (Xi, X2, X3, X^, X5) iC'xu C'X2, C'xs, C'X4, C'x,) 

with = 1 and Yl^=i = mod 5. One can think of the monomials ^ in these cases, 
as the characters of the group F and regard (10.4) as a decomposition of under the 
action of F. 

The principal reason for being interested in the quintic is that it is a simple example 
of a Calabi-Yau manifold and that such manifolds enjoy many remarkable properties in 
virtue of their relation to string theory and supersymmetry. One of these properties is 
the existence of a mirror manifold W for which the roles of the the complex structure 
parameters and the Kahler parameters are reversed with respect to those of M.. It is 
natural and compelling to enquire how the arithmetic of W is related to that of M.. 
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Much is known about the structure of the ^-function in virtue of the the Weil conjec- 
tures (since proved). In particular we know even before performing specific computation 
that the C- function for A4{ip) is a rational funcion of t which has the structure 



Numerator of degree + 2 depending on the complex structure of A4 
Denominator of degree 2h^^ + 2 

(10.5) 

It is immediately apparent that the ^-function docs not treat the complex structure and 
Kahler parameters symmetrically since the numerator depends nontrivially on the com- 
plex structure parameters, for our family of quintics the numerator varies nontrivially 
with if), while on the other hand the denominator depends only on the number of Kahler 
parameters. 

We would perhaps like to introduce a modified or quantum ^-function, that re- 
spects mirror symmetry and which would have the property 
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C>) = To^ (10-6) 



however such a function cannot be given by the classical definition since this would imme- 
diately contradict (10.2) by giving A^x,r = — -^w,r- It is of course possible to define 



numerator of 
'■^ numerator of Cw 



which will satisfy the desired relation (10.6); however without a more intrinsic definition 
this does not seem to be very fruitful. While we do not propose here such an intrinsic 
definition nor do we know that such a definition exists nevertheless we find it interesting 
to point out insights from mirror symmetry that may be pertinent. 

One of these relates to the decomposition of Nr{ip) into a sum of contributions at- 
tributed to monomials v. When, as here, we are concerned with a manifold which is a 
hypersurface in a toric variety the mirror relation is particularly clear [2]. The monomi- 
als V corresponding to (the deformations of) the defining equation of the hypersurface 
define a lattice A together with a lattice polyhedron A. This polyhedron has special prop- 
erties owing to the fact that it corresponds to a Calabi-Yau manifold. In particular it 
has a unique interior lattice point, corresponding to the fundamental polynomial x^, and 
no lattice plane, parallel to a codimension one face, intervenes between the fundamental 
monomial and the codimension one faces of A. Such a polyhedron is said to be reflexive 
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and has a naturally defined dual, V, defined in the lattice dual to A, which is also reflexive. 
The lattice points of V correspond to the divisors of M.. More precisely divisors of M. 
correspond to the lattice points of V that are not interior to the codimension one faces 
of V. The points of V that are interior to codimension one faces correspond to divisors 
of the toric variety that do not intersect the hypersurface A4, hence do not give rise to 
divisors oi M.. It can shown that a Calabi-Yau variety can be recovered from a reflexive 
pair (A, V); the mirror variety being defined by the pair (V, A). In this way we may think 
of v's as monomials corresponding to A4 or equivalently as divisors of W. The points 
of A that are interior to codimension one faces are then either the monomials v of in 
the ideal I or the divisors of the toric variety in which W embeds that do not intersect 
W. These observations suggest that the A^^.^vlV') should correspond in some way to the 
divisors of the mirror W though the correspondence cannot be as simple as counting the 
rational points of the divisor since it is known that the numbers of points on a divisor 
that arises as a blowTip of a singularity does not depend on any parameters. The numbers 
-^r,v(V') however do depend nontrivially on t(j. Moreover as remarked previously they are 
not in general either positive or integral. This does not necessarily run counter to what 
we expect. We are accustomed with regard to mirror symmetry to compute quantities 
that depend on parameters and that reduce to their classical integer values only in a 'large 
complex structure limit' that certain parameters tend to limiting values. However taking 
this further suppose we were to work with the full 101 parameter space of quintics A^^ 
would depend on 101 parameters 100 of which we can think of as the Kahler parameters of 
the blowups required to resolve the fixed points of Ad/F. Now however the no longer 
have a simple decomposition as in (10.4). 

In mirror symmetry an important role is played by the large complex structure limit. 
In this limit the classical geometry of the space of Kahler parameters of M. coincides 
with the classical geometry on the space of complex structures of W. The form of the ( 
function is bound up with this limit as we shall see. We have stated that for the quintic the 
(^-function takes the form (10.3) and we will see later that the (^-function for the mirror is 

Now when comparing the forms of (^m with (y^; it seems natural to identify the denominator 
of Cm with the large complex structure limit of Ri{t, i/j), the numerator of Cyy. Similarly 
we would like to identify the denominator of with the large complex structure limit of 
the numerator of Cm- This requires 

i?i(t,oo) = {l-t){l-pt){l-pH){l-pH) 
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and 

CM{t,oc) = . .] . = (10.8) 

Cw{t, oo) 

Any attempt to define the quintic for if) — oo ieads to a variety tliat is liiglily singular. 
Different ways of defining tlie singular variety seem to lead to different counts of the number 
of rational points hence different values for the (^-function. There does however seem to 
be a procedure that yields the desired expressions in an appropriate limit: this consists of 
expanding the ^-functions as 5-adic numbers. The desired relations are then recovered in 
lowest order. This is most simply stated for primes such that 5|p — 1. If C,m ^^'^ Cw ^ire 
given by (10.3) and (10.7) then we find that (10.8) is true in the following sense 

CM{t,^) ^ T^^T^ = (1-P^)'''(1-/^)''' modS^ 

moreover this congruence holds independent of iIj. Although unusual we can draw an 
analogy with a relation that is a true consequence of mirror symmetry for the quintic. In 
this context let denote the complex structure parameter for the mirror quintic W and 
t denote the complex Kahler parameter for the quintic M.. Then it is known [3] that the 
quantum corrected yukawa coupling is given by the expression 



k=l 



— 



with q = e^'^**. The large complex structure limit is the limit ip, Q{t) — > oo and in this 
limit the exponential terms, which express the quantum corrections, tend to zero and 
ytttifp) ~^ 5, the classical value. On the other hand it has been shown [4] that 5^\nkk^ for 
each k so that we can in fact write 

5 

The layout of this article is the following. We begin by examining the form of the 
(■-function for M.{ip). It follows from the decomposition (10.4) and the relation of each 
contribution A^v,r to a differential equation of hypergeometric type that each A^v,r is related 
to the periods of one of two Riemann curves which we call A and B. In this way we learn 
that Cm is related to the C-functions for A and B as in (10.3). In §12 and §13 we discuss 
this form further. The special values V'^ = 0, l,oo require special attention and the cases 
p = 4, 2, 1 are also best separated. Given in §13 are also tables of explicit values for the 
the (a, b) coefficients. We turn in §14 to a description of the mirror manifold in terms 
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of toric geometry and the Cox variables and to a computation of the corresponding 
function. Once we have (m and to hand we present, in §15, what we know of the 
5-adic expansion of the ^-functions. This expansion seems to play the role of the large 
complex structure limit in the arithmetic context. In §16 we set out some open questions 
chief among these is the elucidation of the intriguing relation between primes and divisors. 
Such a relation is of course one of the big ideas of algebraic number theory. In our context 
however the p-adic p plays a role analogous to that of the Kahler form. The fact that p 
plays a role analogous to the parameter e that appears in the Frobenius period is apparent 
from [1]. We include in Appendix A a discussion of the Frobenius period following [5] 
and [6] to recall the point that the parameter e is in reality the Kahler form. Appendix B 
shows that different ways of defining the manifold for = oo lead to different counts for 
the numbers of points. 
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11. The (^-function for A4.('0) 



Owing to the fact that the A^r(V') additive in the monomials v the ^-function is mul- 
tiphcative 

^^^ '^^ " il-t)il-pt)il-pH){l-pH) 
Where i?i together with the denominator is the contribution of A^i,,-, and is the contri- 
bution of A^v,r- The product over v runs over monomials mod X of degree 5 except when 
= I when there is a contribution also from monomials of degree 10. 

In virtue of the Weil conjectures we know that the numerator of (m is a polynomial 
of degree b^{A4) = 204. The computation of §14 reveals that Ri is the numerator of the 
^-function for the mirror and is therefore a polynomial of degree 4. A priori we expect 
the individual factors i?v to be infinite series in t. Monomials v that differ merely by a 
permutation of their components contribute equally; we are therefore concerned only with 
the monomials of Table 11.1 below. For the conifold we must also take into account the 
degree ten terms, that were computed in §9.3, and which are related by permutation to 

1 

R{4,3,2,l,0)it, 1) 



(1 - (pH)p) 

Turning now to the quintic v's it is an observation based on numerical experiment 
that although the i?v are in general infinite series they combine in pairs to give (fractional 
powers of) polynomials. We find, for general i/j, that 

%,1,0,0,0)(^,^)%,2,0,0,0)(^,V') = RA{p''t^,i^)^ 

(11-1) 

-R(3,1,1,O,O)(^,'0)-R(2,2,1,O,O)(*,V') = RBip^t^,ll^)'' 

where Rj^iu^'ip) and Rjs{u^'^) are quartic polynomials in u. Moreover Rj^iu,'^) and 
i?g('u, -!/;) are related to the (^-functions for certain Riemann curves A and B. Although 
we do not understand the geometrical origin of these auxilliary curves we shall see in the 
following how they arise in relation to the periods that determine the Nr. 

The auxilliary curves arise through a consideration of the periods. Another way of 
expressing this fact is the statement that the Jacobian of M. contains the Jacobians of the 
curves A and B as factors. While mysterious it is frequently the case that the Jacobian 
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of an arithmetic variety contains the Jacobians of lower dimensional varieties in this way. 
Although the appearance of these auxilliary curves is a priori unrelated to the fact that 
we are here dealing with a Calabi-Yau manifold nevertheless one might hope that mirror 
symmetry might shed some light on the appearance of the A and B curves in the present 
context. So far however we do not have such an interpretation. 

11.1. The Euler Curves 

Classical analysis gives an expression for the hypergeometric functions, corresponding to 
the differential operator C^, in terms of Euler 's integral which is of the form 

with (ct, 13) determined by (a, 6, c) and hence by v. The relation between the parameters is 

a = 5(1-6) , /? = 5(l-a) , 

where in these relations we use the fact that c = a + 6 for all the cases we consider. For 
the (a, 6, c) that concern us a, 5 — a and 5 — /? are positive integers. 

If we think of Euler 's integral as / ^ then we are led to curves 

^a/^lV'^): = x'^{l-xY{l-x/^^f-^ (11.2) 

which turn out to have genus 4. It is well known but curious that although the hypergeo- 
metric function is symmetric under interchange of a and h the curve E^p is not manifestly 
symmetric and is exchanged with Epa- We shall show presently that Sap and E^a are in 
fact isomorphic. The values of interest for the parameters are as in the table. Owing to 
the skewness of Euler's integral there is a choice in the assignment of (o;,/?) to a monomial 
and for the first three monomials the choice is the one given above however for the fourth 
monomial it is convenient to make the choice that involves an exchange of a and h. 



V 


a 


/5 


(4,1,0,0,0) 


2 


3 


(3,2,0,0,0) 


1 


4 


(3,1,1,0,0) 


2 


4 


(2,2,1,0,0) 


4 


3 



Tablell.l The monomials and the corresponding parameters 
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One can show that the curves corresponding to the first two monomials are isomorphic 
as are the curves corresponding to the second pair. The key observation in showing that 
Ei4 (ip^) = £23 {ip^) is that 2(1, 4) = (2, 3) mod 5. We wish to compare the curves £^14 (ip^) 
and £^23 (V'^)- The three points {x,0) with x = 0,1, V'^ correspond trivially as do the 
single points that each curve has at infinity; so now take a; 7^ 0, 1, '0^, 00. The observation 
2(1,4) = (2, 3) mod 5 leads us to square the equation for Ei^^ip^) which we write in 
the form 

2 \ 5 / 



1 — X J V V'^ , 

2 

so by setting rj = we see that each point of £14 (V'^) maps to a point of £23 (ip^) ■ The 
inverse relation derives from 3(2,3) = (1,4) mod 5. We take the equation for £23 (V'^)) 
cube it and write it in the form 

3 \ 5 / 

' = x[l-x) [1- — 



x(l — x) (1 — X / ip^) J \ 

3 

and by setting y = j.(^i_^)^i_^/^5-j we see that every point of £^23 (^^) maps to a point 
of £i4 (ip^) and that this map is the inverse of the map previously given. In a precisely 
analogous way one sees that £"12 (^A^) = £"43 (V'^) so that the curves corresponding to the 
second pair of monomials are also isomorphic. 

If instead of multiplying (1, 4) by 2 we multiply by 3 and 4 we show that 

£^14 (V'') = £23 (V'') = S32 (^') = £^41 (^') . (11.3) 

Thus all the curves £a,5-a {fp^)^ 1 < < 4, are isomorphic. The two new curves on the 
right of (11.3) are the Euler curves related to £^14 (ip^) and £^23 (ip^) by the a, b interchange 
mentioned previously. 

We wish now to show that 
The simplest way to see this seems to be to write the equation for £^14 (ip^) in the form 



We set u = and regard the resulting equation as a quadratic in x 

iP^ 



x^ 

- (u^ + l)x + = . 

-',0 ^ ^ 



10 



In order to complete the square we set v = ^ — {u^ + 1) and we find that the curve can 
be written in hyperelliptic form 

= u^"^ + 2(^1- ^^u^ + 1 (11.5) 

and one easily sees that the map is an isomorphism. Now it is clear that this new curve 
is isomorphic to the curve obtained by the replacement u — > —u and that this replace- 
ment is equivalent to — > ^t_i ■ The relation (11.4) can also be established by making 
transformations of x that preserve the general form of the Euler curve (11.2). 



Once written in hyperelliptic form as in (11.5) it is clear that S14 has an automorphism, 
a, of degree 2: {u,v) ^ {l/u,v/u). From this it follows that the Jacobian of the curve is 
isogenous to the square of an elliptic curve. We shall shortly see the effect of this on the 
(■-function of the curve. If we write this automorphism in terms of the original coordinates 
it has the form 

Written in this way the map makes sense also as an isomorphism 

cr : Sa/3 (V'^) ^5-/3,5-a (V'^) 

which is an automorphism for a + /? = 5. 

Now by considering multiples of (2,4) and its transpose (4,2) we see that 

S24 (^') = ^43 (^') = ^2 (^') = ^31 (V'') 
^^42 (V'') = «^34 (V'') = ^21 (V'') = «^13 (V'') 

and the isomorphism a shows, for example, that S24 {ip^) = £13 (ip^) so that all these 
curves are isomorphic. If we now make the transformation x — > i(^^x in the equation for 
the Euler curve then we find that 

Saf3 (V'') = ^a,5-/3 (11.7) 



and applying this to £24 yields S24 (V'^) — ^24 



To summarise let us simplify the notation by writing S23 = A and £24 = B. We have 
learnt that 



^:23 m = E.4 (V^) = Am - A 

£:24 (V^) = ^^43 (V'^) = = ^ (^) • 



(11.8) 
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11.2. The auxilliary curves for V'^ = 0, 1, oo 

By the curve £a/3{oo) we shall simply mean the curve 

and by the curve Sap{0) we shall mean the curve that results from multiplying (11.2) by 
ip^, setting r] = {—l)^~^'ipy and then setting ip = 0. 

With these understandings we have from (11.8) that ^(oo) = ^(1) and B{oo) = B{0). The 
curves £q,/j(1) take the simple form 

S^pil) : y' = x'^il-x)' 

and since these do not depend on (3 we have £^q.^(1) = ^(1) — 13{1). It is also straightfor- 
ward to see that ^(0) = i3(0). To see this note that 

^(0)^£:23(0) : r/^ = x\l - xf 

S(0) =^24(0) : = x\l-x)^ 

and the curves on the right are clearly isomorphic. To summarize: we have established the 
identities 

^(0) ^ B{0) ^ B{oo) 

(11.9) 

^(1) = B{1) = ^(oo) . 



11.3. Form of the (-functions for A and B 

For ip^ ^ 0,1,00 the functions for A and B over ¥pp have the form 

((u) = (11.10) 

^ {l-u){l -pPu) ^ ' 

with R a quartic 

R{u) = l + au + hv? + apPu^ +p^Pu^ (H-H) 

indicating that for these general values of ip the curves A and B have genus four. The 
relation that we observe between between the ^-function for A and the ^-function for the 
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Calabi-Yau manifold, again for these values of V', is that the contribution of the pair of 
monomials (4, 1, 0, 0, 0) and (3, 2, 0, 0, 0) corresponding to A is R^(pPtP)'p . The statement 
for B being analogous. We will take (11.10) to define the polynomials Ra and Rb even 
for the special values ip^ = 0, l,oo for which these polynomials are quadrics rather than 
quartics. Having defined Ra and Rb via (11.10) we will have to discuss separately the form 
taken by the ^-function for M. in terms of Ra and Rb for the special values ip^ = 0, 1, oo. 
This we do in the following section. 

Now while (11-11) is the general form of the function R in many cases the function 
factorizes. For example for p = 4 and for all the primes we have examined R factorizes, 
over Z, in the following form 

R{u) = {1 + CU + p'^U^)'^ = (l + K^/u + (l - K^/u + uY . 

While for p = 2, 1 the function often, but not always, factorizes as (1 + cu + p^u^)'^. 

For the special values i/;^ = 0, 1, oo the statements above are modified. The numerator 
of the function is now of degree four rather than eight, indicating that the curves are 
now of genus two. We will continue to write the C" function as in (11.10) but it should be 
borne in mind that in one case, when ip — and p = 1 that R^ is not a square. 

V> = 

When ijj = it follows from our observations concerning the Euler curves that R^ = R^ 
and for p = 4, 2 it is an observation based on computer calculations that 

Ra{u,0) = Rb{u,0) = {1+p^uf . 

while for p = 1 the expression is more complicated since R^ is a quartic that does not 
factorize over Z 

i?^(u,0) = RI{u,0) = 1+au + bu'^ + apu^+p'^u'^ = {l + a+u+pu'^){l + a-U+pu'^) , 

the last expression being a factorization over Q[-\/5]. 
iP^ = 1 

In this case we can calculate the number of points rather easily. In virtue of the identities 
it is sufficient to consider the curve 

= x{l - . 
For a; ^ 1 set ?7 = 2//(l — x) thus x — rf and 

{x,y) = (r/^ r/(l - r/^)) . 
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The expression on the right yields a point of the curve for every value of rj however, if 
5\q — 1, the five values of r] for which 77^ = 1 yield the same point, (1,0), of the curve. 
Thus, counting also the point at infinity there are q — 3 points over F^rp. Hence 

(1 — u)'^ 

'4> = 00 

In virtue of (11.9) we have 

i?_4(tt, 00) = (1 — tt)^ and Rb{u, 00) = Rb{u,0) . 



11.4. The form of the C,- function 

As stated previously we find on the basis of numerical experiment that for general tj) the 
^-function satisfies 

20 30 

In the following two sections we examine the detailed form of the ^-function. The R 
factors depend on and p and we examine the various cases in turn. 
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12. The functions for ip = 0,1, oo 



12.1. 'ip = 

Although t(j = corresponds to a smooth manifold this value requires special treatment 
owing to the fact that it is an orbifold point of the moduli space. For t(j = we have 
computed the C-function to 0{t^^) for p < 101. The form of the ^-function shows a 
pattern that depends on p{p). 

p = 4 and p — 2 
We find 

4 2 

Rr{t) = (l+p^fpy and R^{t) = (^l+p^t")" for deg(v) = 5 
so for these cases we have 

4 

In these relations Ra and Rb appear squared relative to role for general Thus for these 
primes we have 

204 

(l+p'^tP^ ' 

" (1 - t)(l - pt){l - pH){l - pH) ' 

p=l 

The structure in this case is more complicated with i?i a polynomial of degree four of 
the form 

i?i = l + axt + hxpt^ + axpH^ +pH'^ 
and the degree 5 terms are series that are equal in pairs 

-R(4,i,o,o,o) = -R(3,i, 1,0,0) and -R(3,2,o,o,o) = -^(2,2,1,0,0) • (12.1) 
So in this case also we have 

-R(4,l,0,0,0)-R(3,2,0,0,0) = -R(3,l,l,0,0)-R(2,2, 1,0,0) = -Ryl(pt, 0)^ = 0)^ 

with 

RAipt, 0)^ = Rsipt, 0)^ = 1 + cpt + dpH'^ + cpH^ + pH'^ . 
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The fact that = Rs was to be anticipated from (11.9); note however that (12.1) is a 
stronger statement. 

The C-function depends, for these primes, on four coefficients that we record, for the 
first few cases, in the following table. 





ai 


bi 


a± 


c 


d 


7± 


p = ll 


-89 


351 


|(-89±25V5) 


1 


-9 


1(1 ±5^5) 


p = 31 


-409 


2641 


i(-409±125A/5) 


11 


61 


i(ll±5A/5) 


p = 41 


981 


9211 


1(981 ±25\/5) 


-9 


71 


i(-9±5\/5) 


p = 61 


1111 


10951 


^(101 ±25^/5) 


1 


91 


^(l±5^/5) 


p = n 


101 


-8379 


1(101 ± 1025^5) 


-19 


201 


i(-19±5\/5) 


p= 101 


271 


7581 


i(271± 1025v^) 


-29 


381 


|(-29±5v^) 



Table 12.1 The coefficients that determine i?i and R^ = Rs when ip = and p = 1 



Now we may factor 

1 + ait + bipt'^ + aip^t^ +p^t'^ = {l + a+t + p^t'^){l + a-t + pH'^) 
with a+ + a- — ai and a+a- — p{h\ — 2p'^). That is a± are the roots of the equation 

— a:i_a + p(bi — 2p^) = 0. 

In the same way we may write 

l + cpt + dpH'^ + cpH^ + /t^ = (1 + 1+pt + P^t^){l + 1-pt + p^t^) 
with the 7± roots of the equation 

7^ - C7 + (d - 2p) = . 

For the primes of the table we also give the corresponding values of the a± and the 7±. 
Note that they take values in Q[-\/5]. 
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12.2. = 1 

For •0^ = 1 the manifold becomes singular and develops 125 nodes. We refer to such a 
manifold, which has ordinary double points as its only singularities as a conifold. For the 
conifold the factor Ri{t), which in all other cases is a quartic in t, becomes a cubic which 
moreover factorizes into a linear factor and a quadratic factor 

where e = and a is the p-th coefficient in the q'-expansion of the eigenform, /, found 
by Schoen [7] in relation to a rigid Calabi-Yau manifold obtained by resolving the nodes 
of the conifold; the eigenform is the unique cusp form of weight 4 and level 25 and may be 
written in terms of Dedekind's ?7-function: 

= q + q'^ + 7q^- Iq^ + l(t + 6?^ - 15?^ + 22^^ - 43?" - 49?^^ - 28?^^ + 6?^^ 

+ 41g^^ + 91^^^ + 22g^^ - 35g^^ + 42?^^ - 439^^ + 162^23 - 105?^^ - 28?^^ - 35?^^ 

- 42^28 + 160^2*^ + 42g3^ + 161^22 - 301q^^ + 91q^^ - 154g^^ - 314^^^ - 35g^^ 

- 196g^^ - 203^"^^ + 42^^^ ^ 93^43 ^ 3q^^44 ^ -^g2g46 + 195^47 ^ 287g^^ + • • • . 

For the conifold each quintic monomial v contributes to N^. when p|r, and not otherwise; 
the contribution being —p^. Thus i?v = (1 — p^tP)'p . The conifold term, due to the 
monomials of degree 10, contributes again when p\r. Thus the ^-function for the 
conifold takes the form 



^ (1 - ept) (1 - at + pH^) (1 - (pty) 



100 

p 



(1 - t)il - pt){l - pH)il - pH) (1 - (pHy) 



24 
P 



It is of interest to understand how this function relates to the ^-function for Schoen's 
manifold and understand also the role played by the factor that arises from the monomials 
of degree 10. We may do this by following the process of passing from the a smooth quintic 
to the conifold and from the conifold to the resolution. 

The conifold has 125 nodes corresponding to solutions of the equations ^^g^'^^ = 0. 
In passing from a smooth quintic to the conifold 125 5'^'s are blown down to form these 
nodes however the radii of these ^^'s are not all independent, in fact only h'^^ = 101 are, so 
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there are 24 relations hence 24 four-cycles are created. A heuristic sketch is shown below. 
It is again simplest to restrict to primes for which p = 1 and for these cases the previous 
expression simplifies to 

... ,5^TX ^ {l-a,t+pH^){l-ptr' 

^^'^ ' {l-t){l-pHy^{l-pH) 
and we see that the role of the monomials of degree ten is to account for the 24 relations 
between the nodes and hence the 24 new cycles that are created. 




Figure 12.1: Each relation corresponds to a 4-chain. By shrinking 
the boundary of the chain to zero a 4-cycle is created. 



If we now resolve 125 nodes with P^'s we will have replaced 125 S'^'s, each with Euler 
number zero, by 125 iS^'s each with Euler number 2. Thus the Euler number of the 
resolved manifold is —200 + 250 = 50. Let us denote the resolved manifold by A^. It is 
known that the resolved manifold is rigid, that is h'^^{Ai) — 0. Since the Euler number is 
50 we learn that h^^{A4) = 25. Thus there are 25 parameters corresponding to the radii 
of the 125 resolving S'^'s so there must be 100 relations and each of these leads to the 
destruction of a cycle as sketched in Figure 12.2 below. In this way we see that we have 
explained why the exponent of the factor (1 ~pt) in the numerator is 200 — 100 = 100 and 
that the (^-function for the resolved manifold is 



. = U = il-apt + pH'){l-ptr' 

^M^^'^ > (l-t)(l-pt)125(l_p2^)25(l_p3^) 



3J-2^ 



'1 - apt+pH 



(1 - t)(l - pt)25(l - p2t)25(l _ ^3^) 

which is the expression obtained by Schoen. 
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12.3. ip = oo 

This is discussed further in Appendix A. 




Figure 12.2: Here each relation corresponds to a 3-chain. By blow- 
ing up the boundary of the chain to zero a 3-cycle is destroyed. 
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13. The (^-function for General ip 



In all cases the factor Ri is a quartic 

i?i = l + ait + hxpt^ + a-i_pH^ + pH'^ . 

The form of the other factors and the form of the tables shows again a dependence on p{p) 
so we take these cases in turn. 

13.1. p = A 

For the quintic v's the factors are equal in pairs and take the form 

R^it) = {i + c^pH'' + p'H^Y . 

The values of (ai, 61) and the are shown in the following tables for p < 23. To compile 
the tables we have computed C, to O(t^) for p = 3 and O(t^) for 3 < p < 23. In all these 
cases we find that 2p^ for some integer k^,. Thus there is a factorization 

1 + c^pH"" + p^H^ = (1 + K^pH-" + pH^){i - K^pH^ + pH') . 

Note that in all cases is divisible by 10 and kb is divisible by 5. 
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p = 3 




(1, 1,0.0,0) 


(3,2,0,0,0) 




(3, 1, 1,0,0) 


(2,2, 1,0,0) 


/vs/5 


'ip = 2 


(5, 5.3) 


18 


18 





-7 


-7 


1 




p — 7 


(ai,6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 




(3,1,1,0,0) 


(2,2,1,0,0) 


Kb/5 


'ip = 2 


(10, 60) 


-2 


-2 


1 


73 


73 


1 


ip = 3 


(5, 55) 


-2 


-2 


1 


98 


98 





ip = A 


(-35, 115) 


98 


98 





73 


73 


1 


= 5 


(-5, -30) 


-2 


-2 


1 


98 


98 





= 6 


(25, 50) 


-2 


-2 


1 


-2 


-2 


2 



p= 13 


(ai,6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 




(3,1,1,0,0) 


(2,2,1,0,0) 


kb/5 


ij = 2 


(25, 100) 


238 


238 


1 


113 


113 


3 


= 3 


(-25, 275) 


238 


238 


1 


238 


238 


2 


= 4 


(-120, 590) 


-62 


-62 


2 


113 


113 


3 


7/^ = 5 


(-25, 100) 


-62 


-62 


2 


-62 


-62 


4 


■0 = 6 


(10, -70) 


338 


338 





113 


113 


3 


V' = 7 


(-5, 260) 


-62 


-62 


2 


113 


113 


3 


= 8 


(-5, 160) 


238 


238 


1 


-62 


-62 


4 


V' = 9 


(20, -90) 


238 


238 


1 


238 


238 


2 


= 10 


(15, 120) 


-62 


-62 


2 


113 


113 


3 


= 11 


(85, 405) 


338 


338 





113 


113 


3 


= 12 


(-15, -20) 


338 


338 





238 


238 


2 
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p=17 


(ai, hi) 


(4,1,0,0,0) 


(3,2,0,0,0) 

\ 7 7 7 7 / 


K^IO 


(3,1,1,0,0) 

\ 7 7 7 7 / 


(2,2,1,0,0) 

\ 7 7 7 7 / 


Kb/5 


„l, 


— zo, — Zo j 


/ o 


c;7a 

/ o 


n 
u 


— 4 / 


— 4 / 





ip — o 


/I c; ciQn'i 

— 40, OoUJ 


/1 78 
4 / o 


/17a 

4 / o 


1 
1 


— ozz 


— OZZ 


D 


„/, A 

ip — 4 


— ZU, loUj 


1 7S 

I/O 


1 7a 

I/O 


z 


/17a 

4 / o 


/17a 

4 / o 


Z 


ip — 


^"70 o7n^ 

^^ / u, z 


/17a 

4 / o 


/17a 

4 / o 


1 
1 


ooo 


OOo 


1 
1 


ip — D 


\ZO, ZZO J 


1 7a 

I/O 


1 7a 

I/O 




z 


— ozz 


— ozz 


D 




yooj DDL) j 


/17a 

4 ( o 


/1 7a 

4 / o 


1 
1 


ooo 


OOo 


1 
1 


^) — o 


/on 1 on'i 
(^ZU, IZUJ 


1 7fi 

I/O 


1 7fi 
I/O 


z 


1 7Q 
I/O 


1 7a 

I/O 


4 


ip — y 


15, 5; 


/17a 

4 / o 


/17a 

4 / o 


1 
1 


/I7 
— 4 / 


/I7 
— 4 / 


c: 





1' on n^ 
— yu, Diu ) 


/17a 
4/0 


/17a 
4/0 


1 
1 


— oZZ 


— oZZ 


D 


„i, 11 


— / O, lOU j 


/17a 
4/0 


/17a 
4/0 


1 
1 


oOo 


oOo 


Q 

O 


i/i — 19 
ip — iz 


Mon K7iW 

±ZU, ( U j 


4 / O 


47R 
4 / O 


1 

1 


— OZZ 


— OZZ 


D 


= 13 


(75, 100) 


478 


478 


1 


478 


478 


2 


= 14 


(55, 280) 


578 


578 





353 


353 


3 


= 15 


(-140, 710) 


578 


578 





178 


178 


4 


V; = 16 


(15, 90) 


178 


178 


2 


-47 


-47 


5 



22 



p = 23 




(4, 1,0.0.0) 


(3.2.0.0.0) 


/v^/10 


(3. 1. 1.0.0) 


(2.2.1.0.0) 




— z 


— Z40, IDDDJ 


yoo 


yoo 


1 
1 


1 

— ID / 


— ID / 


7 


ip — O 


[—^, ZLU) 


DOo 


DOo 


Z 


lUOo 


lUOo 


u 






lOo 


lOo 


Q 
O 


lOo 


lOo 


D 


ip — O 


[yj, oou ) 


— 04Z 


— 04Z 


/I 
4 


yoo 


yoo 


9 

z 


ip — D 


^^lUO, ODO J 


1 nc;a 

lUOo 


lUOo 


n 
u 


lOo 


lOo 


D 


„/, 7 

y) — ( 


^^ — loo, oyo J 


yoo 


yoo 


1 
1 


4oo 


4oo 





— o 




yoo 


yoo 


1 
1 


lUOo 


lUOo 


U 


„/, Q 


— luo, youj 


— 04Z 


— 04Z 


4 


lOo 


lOo 


D 


„/, in 

% — iU 


/'in R7n^ 

J -U, u / U ) 


— - J JLZ 


1 9 

— -J JLZ 


J. 


J-OO 


1 

J oo 


•J 


y) — 11 


(^IDU, tfoUj 


1 ncLc 

lUOo 


lUOo 


n 
u 


yoo 


yoo 


9 
Z 


%p — iz 


( inn scin'i 

— lUU, oOUJ 


— 04Z 


— 04Z 


A 
4 


— ID ( 


— ID / 


7 
( 


y) — lo 


^^00, ODO j 


yoo 


yoo 


1 
1 


lOo 


lOo 


D 


„i, 1/1 

^ — 14 


(^ Qn o/in^ 
(^loU, Z4U J 


DOo 


DOo 


o 

Z 


yoo 


yoo 


o 

Z 


ip — 10 


( lie; Rnc;"! 

— 110, DUO ) 


1 ncLQ 

lUOo 


lUOo 


n 
u 


yoo 


yoo 


9 
Z 


yj — ID 


/I 7c 1 1 nn'i 
(^1 ( 0, llUU ) 


DOo 


DOo 


o 
z 


lOo 


lOo 


D 


„/, 17 

yj — 1 / 


/inc^ on^ 
(^lUO, yuj 


yoo 


yoo 


1 
1 


fiQQ 
OOt> 


OOO 


Q 
O 


tp — lo 


— lO, 1 OU J 


DOo 


DOo 


9 
z 


lOo 


lOo 


« 

D 


?/• = 19 


(150, 850) 


-512 


-512 


1 


833 


833 


3 


iP = 20 


(45, 335) 


-542 


-542 


4 


958 


958 


2 


11^ = 21 


(-55, -90) 


958 


958 


1 


958 


958 


2 


= 22 


(-60, 220) 


158 


158 


3 


958 


958 


2 
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13.2. p = 2 



In this case the -Rv's for quintic v's pair together to give a factor whose general form is 
RipH"^)^ with R[u) — l + aw + 6it^ + ap^ u^. In many cases the R factorizes over 

Z in the form (1 + cu In these cases the i?v's are equal in pairs and 

R^{t) = + . 

In the table the cases in which two series multiply to a quartic that is not a square is 
indicated by a double column entry showing the corresponding values of the coefficients 
(a, h) of the quartic. In those cases where / is a square this is indicated by single column 
entries giving the value of Cv These computations have been performed to 



p = 19 


(ai, 6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


7/^ = 2 


(5, 222) 


18 


18 


(41, 861) 


V' = 3 


(5, 197) 


(16, 286) 


(61, 1621) 


7/^ = 4 


(-60, 122) 


(61, 1621) 


(41, 861) 


= 5 


(45, -153) 


18 


18 


(41, 861) 


= 6 


(-130, 572) 


(41, 861) 


-7 


-7 


= 7 


(15, -378) 


18 


18 


(16, 286) 


= 8 


(-90, 372) 


(61, 1621) 


(41, 861) 


^ = 9 


(185, 1097) 


(16, 286) 


(61, 1621) 


7/^= 10 


(55, 597) 


18 


18 


(41, 861) 


= 11 


(20, 222) 


(61, 1621) 


(16, 286) 


= 12 


(-75, 422) 


(61, 1621) 


(41, 861) 


= 13 


(130, 822) 


(16, 286) 


(61, 1621) 


V; = 14 


(20, 22) 


(1, -59) 


13 


13 


V'= 15 


(-110, 422) 


38 


38 


13 


13 


7/^= 16 


(65, 597) 


(16, 286) 


-7 


-7 


7/^= 17 


(25, -228) 


(41, 861) 


(61, 1621) 


7/; = 18 


(-120, 522) 


(1, -59) 


13 


13 
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p = 29 


(ai, 6i) 


(4,1,0,0,0) (3,2,0,0,0) 


(3,1,1,0,0) (2,2,1,0,0) 


= 2 


(-10, 932) 


(81, 3041) 


(1, 1401) 


ij = 3 


(-105, 182) 


(76, 3126) 


(-19, 241) 


tl) = A 


(-80, -718) 


(81, 3041) 


(26, 1851) 


^ = h 


(50, 1132) 


(1, 1401) 


(56, 1966) 


'0 = 6 


(240, 1582) 


(76, 3126) 


(56, 1966) 


^ = 7 


(-185, 682) 


(81, 3041) 


(101, 4201) 


ij = 8 


(-250, 1482) 


(81, 3041) 


(101, 4201) 


ij = 9 


(-125, 107) 


(56, 1966) 


(26, -149) 


ij = io 


(45, 932) 


(76, 3126) 


(-19, 241) 




(90, 682) 


(56, 1966) 


(101, 4201) 


ij = i2 


(15, -318) 


(81, 3041) 


(26, -149) 


?A = 13 


(-35, 432) 


(-44, 2166) 


(26, -149) 


i) = lA 


(140, 582) 


(1, 1401) 


(106, 4491) 


^ = lh 


(-175, 1607) 


(56, 1966) 


(1, 1401) 


^ = IQ 


(-15, -68) 


(56, 1966) 


(101, 4201) 


= 17 


(75, 1357) 


(56, 1966) 


(26, -149) 


?A = 18 


(-90, -118) 


(41, 1321) 


(41, 1321) 


= 19 


(135, 557) 


(56, 1966) 


(76, 3126) 


= 20 


(80, 782) 


(56, 1966) 


(101, 4201) 


V' = 21 


(-245, 1732) 


(116, 5046) 


(41, 1321) 


i) = 22 


(420, 3032) 


(81, 3041) 


(26, 1851) 


ij = 23 


(265, 1932) 


(56, 1966) 


(26, 1851) 


= 24 


(-175, 1607) 


(-44, 2166) 


(26, 1851) 


•i/; = 25 


(125, 232) 


(81, 3041) 


(101, 4201) 


ij = 26 


(-20, -718) 


(81, 3041) 


(76, 3126) 


ij = 27 


(-25, 757) 


(76, 3126) 


(106, 4491) 


-0 = 28 


(45, 482) 


(41, 1321) 


(116, 5046) 
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13.3. p=l 



This is similar to the previous case. The factors now multiply in pairs to give a factor 
R{pt) — 1 + apt-\-hp^t^ + ap'^t^ +p^t'^. When R does not factorize over Z this is indicated 
by a double column entry showing the coefficients (a, b). When R is a square the R^^s are 
equal in pairs and of the form R^ = 1 + c^pt + p^t^ and the tables record the values of 
the coefficients c^. These computations were carried out to 0{t'^) for p = 11 and to O(t^) 
for p > 31. 



p= 11 


(ai,6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


= 10 


(-14, 76) 


-2 


-2 


3 


3 




p= 31 


(ai,6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


i)'" = b 


(-109, 1166) 


8 


8 


3 


3 


= 6 


(66, 566) 


-2 


-2 


( 1,31) 


V'^ = 25 


(391, 2666) 


(-9,51) 


3 


3 


V'^ = 26 


(66, -684) 


-2 


-2 


(1,31) 


= 30 


(-259, 1591) 


(1,31) 


-2 


-2 




p = 41 


(oi, ^>l) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


v^ = ?> 


(-269. 2336) 


(-9. 71) 


(-9. 71) 


iP^ = 9 


(-44, 2886) 


(1, 51) 


3 


3 


i/;^ = 14 


(-144, 2086) 


8 


8 


(-9, 71) 


i;^ = 27 


(-219,2736) 


-2 


-2 


(11, 81) 


i/j^ = 32 


(-44, 386) 


(1,51) 


3 


3 


ip^ = 38 


(-219, -389) 


-2 


-2 


(11,81) 


iIj^ = 40 


(581,4761) 


(1, 51) 


3 


3 
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p= 61 


(ai,6i) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


•0^ = 11 


(-364,526) 


8 


8 


-7 


-7 


iP^ = 13 


(-139, -299) 


(1,91) 


(1,91) 


ip^ = 14 


(11,-2099) 


(-9,111) 


(11,121) 


V'^ = 21 


(636,8526) 


(-9,111) 


(11,121) 


V'^ = 29 


(561,8176) 


-2 


-2 


3 


3 


V'^ = 32 


(-489, 3276) 


8 


8 


(11,121) 


V'^ = 40 


(-689, 8176) 


-2 


-2 


3 


3 


V'^ = 47 


(486, 326) 


(1,91) 


(1,91) 


V'^ = 48 


(11,2276) 


(-9, 111) 


(11,121) 


•0^ = 50 


(-489,2651) 


(-9,111) 


-7 


-7 


ip^ = 60 


(-214, 3726) 


(6,6) 


-2 


-2 




p= 71 


(ai, bi) 


(4,1,0,0,0) 


(3,2,0,0,0) 


(3,1,1,0,0) 


(2,2,1,0,0) 


ip^ = 20 


(726,5996) 


(6, 26) 


(6, 26) 


V'^ = 23 


(301, -279) 


(1, 111) 


(11, 141) 


ip^ = 26 


(626,8196) 


-2 


-2 


(-9, 131) 


tp^ = 30 


(-1049, 10046) 


8 


8 


(21, 221) 


•0^ = 32 


(601,3121) 


(-19, 201) 


(6, 26) 


ip^ = 34 


(176,6846) 


-12 


-12 


(11, 141) 


V'^ = 37 


(-299, 7296) 


8 


8 


(-4, 21) 


ip^ = 39 


(726, 4746) 


(6, 26) 


3 


3 


?/;^ = 41 


(-624, 1946) 


-2 


-2 


(-9, 131) 


^p^ = 45 


(-549, 1546) 


(-9, 131) 


(21, 221) 


V'^ = 48 


(-299,421) 


8 


8 


(-4, 21) 


ip^ = 51 


(-524, 5996) 


(6, 26) 


3 


3 


V'^ = 70 


(651,2646) 


(11, 141) 


-12 


-12 
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p = 101 


(c'l- hi) 


(4, 1.0,0,0) 


(3,2,0,0,0) 


(3, 1, 1,0,0) 


(2,2,1,0,0) 


„/,5 « 

ip — D 


— zzy, — loov) 


(21, 281) 


(-4, 81) 


„/,5 in 


/'Q01 ROS1 ^ 


(11, 201) 


(6, 86) 




— yo4, loyuDj 


(11, 201) 


3 


3 


„/,5 17 


^^10Z1, 1440D J 


-2 


-2 


(-4, 81) 


„/,5 Qo 

ip — oZ 


^^ — yzy, DooD ) 


(1, -79) 


(-9, 191) 


„/,5 oa 


— yU4, i4oUDJ 


8 


8 


(1, 171) 


„/,5 on 


(^oyo, io ( UD J 


-2 


-2 


(-4, 81) 




^^ — 10U4i, lyzoDj 


(6, 86) 


(-14, 126) 


liy — Li 


z' Q90 1 Q 1 1 ^ 

— ozy , — J o J. L j 


(11, 201) 


3 


3 


7/^ — / 


— ZZy, — 40441:^ 


(21, 281) 


(-4, 81) 


„/,5 cn 


(^iyO, — iiD44 ) 


-12 


-12 


(-9, 191) 




M 71 Q/i /I ^ 


(-14, 126) 


3 


3 


„/,5 cc 

7/^ — DO 


^"01 71 OQ781 ^ 

^^zl / 1, zo/oi J 


(11, 201) 


3 


3 


— oy 


(^Z4D, — zyy4 j 


(-19, 261) 


(-14, 126) 


,/,5 OA 


l^ioyO, iO40D J 


-2 


-2 


(21, 281) 


•iA^ = 87 


(-279,556) 


8 


8 


(1, 171) 


i/j^ = 91 


(796, 3406) 


(-14, 126) 


(6, 86) 


= 95 


(-179, -1511) 


-2 


-2 


(21, 281) 


= 100 


(-1129,9756) 


(6, 86) 


18 


18 
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14. The (^-function for the Mirror Manifold 



Our aim here is to compute the C-function for the Mirror of the quintic. The most involved 
part of this is the computation of the denominator of the (^-function which is of degree 
204 and encodes the information of the blow ups that are performed after identifying the 
points of the quintic under the action of the group F. 

14.1. Considerations of toric geometry 

When a Calabi-Yau manifold M., as is the case for the quintic, can be realised as a 
hypersurface in a toric variety then we may associate with A4 its Newton polyhedron, A, 
which has the property of being reflexive [2] . The deformation class of mirror manifolds 
may be associated with hypersurfaces in the toric variety whose fan consists of the cones, 
with vertex at the unique interior point of A, over the faces of A. Such a toric manifold 
will, in general, be singular as will the hypersurfaces since these will intersect the singular 
subvarieties of the toric variety. The singularities of the hypersurface are resolved by 
resolving the singularities of the ambient toric variety. This is achieved by refining the 
fan so that the one dimensional cones of the refined fan are all the lattice points in the 
faces of A. A resolution of singularities is thus given by a triangulation of the faces of A. 
Such a process is, in general, not unique since there may be many possible triangulations, 
different triangulations lead to different resolutions that differ by a sequence of flops. 
These different manifolds, when they exist, correspond to the fact that the quantum space 
of Kiihlcr parameters, which we identify in virtue of mirror symmetry with the complex 
structure moduli space of Ai, has more than one large complex structure point. For the 
mirror quintic there are a great many possible triangulations of the faces but we shall 
base our discussion on a maximally symmetric choice. Batyrev[8] has shown by means 
of p-adic integration that the C-function for Calabi-Yau manifolds is independent of the 
triangulation of the faces of the polyhedron. 

For the quintic A is a simplex with vertices corresponding to the monomials xf, 
z = 1, . . . , 5. The five facets (top dimensional faces) of A are three dimensional polyhedra 
specified by the vertex that does not lie in the facet. Each facet has four two- faces 
similar to that shown in Figure 14.1. We triangulate the facets by cutting them with the 
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lattice planes that are parallel to the two faces. This leads to a triangulation of the two 
faces as indicated in the figure. 




(0,4,1,0,0) (0,3,2,0,0) (0,2,3,0,0) (0,1,4,0,0) 

Figure 14.1: Triangulation of a two-face. 



We introduce now 125 Cox variables Xm for the mirror W, one for each quintic mono- 
mial mof Ai apart from the interior point (1,1,1,1,1) which plays a special role. Consider 
now all 126 monomials of the polynomial yP{x) which is the quantity that appears as the 
argument of the character in the formula J2ye¥g = Q^{P{x))- To allow for the 

extra variable y we prepend a 1 to each monomial and stack the monomials (1, m) to form 
a 126 X 6 matrix 



M = 



/I 
1 

1 

1 

1 

1 



1 

5 







1 

5 






1 


5 





1 



5 




1\ 






5 



V 



the ordering is not important as long as we put the interior point first though we find it 
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convenient to list the five vertices next. Now, by construction, the rows of this matrix 
give us the monomials of yP{x). The columns of M give us the monomials of yP{x), 
the analogous polynomial for the mirror. Let the columns of M be denoted by (l,Wj), 
j = 0, . . . ,5 then the mirror polynomial is of the form 

P = x^'+ x^^ + + + x^' - 54> . (14.1) 

The rank of M is 5 so there are 121 vectors (A;i,k) in the null space of M such that 
(/ci, k)M — 0. Each of these vectors corresponds to a scaling of the coordinates x. We can 
choose the scalings such that P is a quintic under one of the scalings and is of degree zero 
under the others. A useful basis for this nuUspace, which we record here even though we 
will not need it explicitly, consists of the vector (—5; 1; 0) and 120 vectors (0; n; Cn), where 
1 denotes the vector (l,l,l,l,l),n runs over the monomials that do not correspond to the 
vertices of A and is a 120 component vector that has a 1 in the position corresponding 
to the row n of M and zeros elsewhere. 

The counting is then that we have 125 coordinates Xm subject to 121 scalings and a 
constraint P{x) = so the resulting manifold has dimension three. It is easy to see that the 
polynomial (14.1) is, up to redefinitions of the coordinates, the most general polynomial 
allowed by the scalings. 

The toric variety. Pa, is 

^125 ^ p 

(C*)i2i 

where the role of F is to restrict the Xm that can vanish simultaneously. The rule supplied 
by toric geometry is that a subset of the coordinates Xm can vanish simultaneously if and 
only if the corresponding m's lie in the same cone. In particular no more than four coor- 
dinates can vanish simultaneously. More specifically we make the following observations: 

1) For the purpose of counting the rational points of W we need not consider the monomials 
m interior to the facets since the divisors £(2,1,1,1,0) = do not intersect W. To see this 
simply note that the coordinate £(2,1,1,1,0) occurs quadratically in £"'1 and linearly in each 
of £^2, and x^^. Thus when £(2,1,1,1,0) = the equation P = reduces to x^'^ = 
but the coordinates that occur in x^^^ correspond to m's whose last component is nonzero 
and these do not lie in the same facet as (2, 1, 1, 1, 0) and hence cannot lie in the same cone. 

2) To contribute to the count of rational points all the Xm that vanish simultaneously 
must correspond to m's that lie on the same two- face of A. In other words if three 
m's lie in a plane that cuts the interior of the facet then their simultaneous zero locus 
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does not intersect W. An example suffices to show why. Take for example the points 
(4, 1, 0, 0, 0), (4, 0, 1, 0, 0) and (4, 0, 0, 1, 0). These lie in the same cone however if we set 
the corresponding coordinates simultaneously to zero the equation P = again reduces to 
_ Q -^j^ich has no common solution for m in the same cone. 

We have therefore to consider the only the cases of one, two or three m's lying in the 
same small triangle of a two face. We shall refer to these cases as points, links and triangles. 
It is convenient to introduce some specialized notation: rename the first five of the x 
coordinates ^j, z = 1, . . . , 5, that is = 5(5,o,o,o,o), 6 = ^(o,5,o,o,o), • • • ,^5 = £(o,o,o,o,5), and 
rename the remaining coordinates rjn- Take, in the first instance, 5/( q — 1 and consider 
the cases in turn. 

Points 

Here there are three subcases according as the point is a vertex, lies interior to an edge 
or lies in the interior of a two-face. Consider first the case of a vertex say (5,0,0,0,0). 
We choose a cone containing this vertex, say the cone that contains also (4,1,0,0,0), 
(4, 0, 1, 0, 0) and (4, 0, 0, 1, 0). Setting ai(5^o,o,o,o) = = the equation P — reduces to 

el + el v"^' + el + el r/-^ = o , (14.2) 

where the Wj are shortened vectors obtained by dropping the first five components of the 
Wj. In the above equation we may assign arbitrary nonzero values to the It remains 
to compute the number of ways in which nonzero values may be assigned to the ^'s. Since 
5/( q — 1 this is equivalent to asking how many solutions there are with Zi ^ to the 
equation zi + Z2 + + = 0. Consider the generalization to k variables of this problem 
and let the number of solutions be r^. If we assign arbitrary nonzero values to the variables 
Zi, . . . , Zk-i and then solve for Zk then we overcount since the resulting value of Zk might 
be zero. However by allowing for this overcounting we see that Vk — {q — 1)^~^ —Vk-i with 
ri = 0. In fact we have 

an expression that will be useful later. In this way we see that r4^ = {q — l){q^ — Zq + 2>) 
and that the number of nonzero solutions to (14.2) is {q — l)^^^(q'^ — Sq- + 3). 

For a point interior to an edge consider for example (4, 1, 0, 0, 0). We set ?7(4,i,o,o,o) — 
and assign arbitrary values to the other r]n. We can now assign arbitrary nonzero values 
to ^1 and ^2, and we have to solve 
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Number of points 


Subsidiary condition 


Contribution 






5 


Point 


Vertex 


g2 - 3g + 3 


1 










Interior to edge 


(g-l)(g-2) 





1 


2 




Interior to two-face 


(9-1)' 





1 


3 


Link 


Edge link 


q-2 


1 


1 


1 











2 


2 




Interior link 


q-l 





2 


3 


Triangle 


Any triangle 


1 


1 


2 


2 











3 


3 



Table 14.1: The contributions to i'{o)/{q — ly^^ of the various combinations 
of points which have some of their coordinates equal to zero. 



For nonzero values of ^3, ^4 and ^5; which has rs = {q — l){q — 2) solutions. In this way 
we find a total of {q — lY'^'^{q — 2) nonzero solutions. The answer if we choose instead the 
point (3, 2, 0, 0, 0) is the same. 

For a point interior to a two-face both choices (3,1,1,0,0) and (2,2,1,0,0) give 
(g — 1)^^"^ nonzero solutions. 

Links 

Here the distinction is between a link (with both points in the same cone) with both 
points lying in an edge, which we shall refer to as an edge link, and links with at most 
one point lying on an edge which we refer to as interior links. An edge link gives rise to 
{q — lY'^^{q — 2) nonzero solutions while an interior link gives rise to {q — 1)^^^ nonzero 
solutions. 

Triangles 

By the foregoing the three points must form a small triangle and it turns out that all small 
triangles contribute equally with [q — 1)^^^ nonzero solutions. 

The contribution of the various cases is summarised in the table. If we introduce some 
notation we can also summarise the the results in closed form. Let and denote the 
number of ^ and r] coordinates that are simultaneously zero and let Z(^-\-5he the number of 
monomials of P that vanish. If ^{q-^ denotes in this context the number of rational points 
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with at least one coordinate zero we have 

_ 1)120-2^+5 



(0) 



_ i)i20-.,+5 ^ w ) _ ^Y-H-& - (-1)4--^-^] (14.3) 



(14.5) 



as we can check from the table, though we shall see presently the origin of this expression. 
Summing over the various possibilities we find 

"^1^21 = 5(g^-3Q+3)+40(g2-3g+2) + 60(g2-2g+l) + 50(g-2) + 300(Q-l) + 250 
= 105g2 + 95g + 5 . 

(14.4) 

The surprising fact is that the above expressions for the numbers of points apply- 
equally if 5|g — 1. To see this we compute 1/(0) in terms of Dwork's character 

g(g-l)^2^i7(0) = J]5]e(yP(x)) 

y&q X 

yev* u iei 
* iei jeJ 

= (g - 1)125-.^-.. + iq-iyJ2J2Il 9i{yV^') 

4 

= (g - 1)125-.,-., + _ i)i2i-.,+5 J2 H G_ks, . 

Si=o,iei' 

51 

5| Y2 

In the first equality the x-sum is over values of the coordinates with at least one component 
zero. In the second sum the are shortened vectors corresponding to removing the first 
five components from the Wi and / and J denote the sets of the indices i and j for which 
the and the ry^ are nonzero. In the third equality /' denotes the set of values for the 
index i for which the monomial x^* is nonzero. In passing to the third equality we have 
used the definition (9.2) of and in passing to the last equality we have used the relation 
(9.9) and we have summed over y and the rjj. 

We can now show that in the last line of (14.5) the only term in the sum over the 
G-ksi is the term with all the Sj vanishing. Thus the final sum is simply (—1)^-^?-^ and 
this returns us to (14.3). To see that the only term in the sum is in fact that corresponding 
to Sj = note that we may as well take the constraints to involve all of the Si as long as 
we take = for z ^ If 5| Yl^i^i 5| Yli^i ^^en 5| Yli^ii^i ~ Wi). The vectors 
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def 

Bi = Wi — Wi are just the points of the dual polyhedron V referred to the interior point as 
origin. The vectors ei, 62, 63 and 64 are linearly independent and 65 = — ei — 62 — 63 — 64. 
It follows that 5|(sj — S5) but < < 4 so all the Sj are equal and at least one of them 
is zero. 

Consider now, A^*, the number of solutions modulo the scalings to the equation 
P{x) — with all coordinates nonzero. Proceeding in a way that is by now familiar we have 

(14.6) 

If 5/ — 1 then the r^-sum is trivial since we may simply set all the r/'s to unity and sum 
over 120 of the scalings which gives a factor of (q — l)^'^^. The remaining sum is one which, 
apart from the replacement of p by q, we have already seen in §9.2. The result is 

q{q - 1) AT* = {q- if + ^ (-1)^ GsmGtm Teich"^(A) . (14.7) 

m=0 

If on the other hand 51^ — 1 we set k — {q — l)/5, expand the first 0-factor in (14.6) 
and proceed again as in §9.2. In this way we find 



g(g-l)i2i^* ^ (^_l)i25 + ^^ J2 5^(-l)-Teich-(A)G5mX 

^ yeF* 77jeF* m=0 

5 

n Teich— (y) Teich— (ry) g-Uv V^' ) 



k-1 



{q - iV'" + {q- 1)''" E (-1)" Teich"^(A) G,m E H G-im+ks,) 



m=0 1=1 



51 

We have already discussed the restrictions applying to the last sum, except that now we 
no longer require any of the Si to be zero so the conclusion is now that all the Si are equal: 
Si = a, < a < 4. The effect of this is to extend the m-sum toO<m<q — 2 and we 
recover in this way (14.7) which we now see to obtain irrespective of whether 5 / g — 1. 

Finally we combine (14.4) and (14.7) to find the total number of rational points. 
Writing N* = v* /{q — 1)^^^ and A^(o) = i^{o)/{q — 1)^^^ we find, after some cancellation. 
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that 




^^Teich-(A) + 100(Q + Q2). 



The first expression on the right hand side contributes 



{l-t){l- pt) (1 - pH) (1 - pH) 



to the C-function while 100(g' + q'^) contributes a factor (1 - pt) - p^t) Hence 



Although we have derived this simple form for the denominator by choosing a very- 
symmetric triangulation the result holds for any triangulation. This follows from the fact 
that (14.3) holds for every triangulation and the entries of Tablel4.1 are determined by z^, 
and 5 and these are determined by whether, for example, a point is a vertex, interior 
to an edge or interior to a two face irrespective of the triangulation. Furthermore any 
triangulation of a two-face can be obtained by a succession of moves as in the figure and 
each such move removes an interior link and adds a new interior link leaving the number 
of interior links and triangles unchanged. 



we have 



{l-t){l-ptY^^{l-pHY''^{l-pH) ■ 




Figure 14.2: The fundamental move, corresponding to making a 
flop, replaces one diagonal of a quadrilateral by another. 
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15. The 5-adic Expansion of the ^-function 



The results of this section seem to provide an arithmetic analogue of the large complex 
structure limit familiar from considerations of mirror symmetry over C. We are grateful 
to B. Gross for suggesting this line of investigation to us. 

15.1. Results mod 5 

For general '0 and '0 = the following quantities 

, RA{p'tP,il;)-p , RBipHP^il^tp , (i-t){l-pt){l-pH){l-ph) 

4 

are all congruent to (1 — tP)p mod 5. For J?i, for example, this follows from the observa- 
tional fact that, for the primes for which we have computed the coefficients, the coefficients 
(ai, 6i) are independent of if) mod 5 and take the values (0, 0) for p = 4, (0, 2) for p = 2, 
and (1,1) for p = 1. Similar facts that are apparent from the tables conspire to make R^ 
and Rq conform to the stated congruence while for (1 - t)(l - pt){l - pH){l - pH) the 
result is an elementary consequence of considering the cases p = 1, 2, 4 in turn. 

Granted these congruences we have 

^j^{t,tl;) = {l-tP)^={l-t'^P)-p mods. 

Turning to Cw one sees that 

^^^^'^^" (l^pt)ioo|i_p2,)ioo " (^_',,,^| forp=l,2 

but the last equality does not hold for p = 4. Mirror symmetry seems to be directly 
applicable when b\p — l that is when p = 1. More generally one should consider ^-functions 
over base fields which admit nontrivial fifth roots of unity that is with pP\q. 

Consider now the conifold for which 

1) = (I - eppt)(l - apt + ph'^) 

and take into account that ap = p + p^ mod 5 (in fact it seems that ap = p + p^ mod 25; 
the evidence for this is again observational but based on expanding the modular form to 
Psoo = 3571 terms). 
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By running through the various values of p mod 5 we see that 



{I - eppt){l - apt + pH'') = 

— 124 

so CM{t, 1) differs from the previous value simply by a factor of (1 — t)~ {1 — t^) p ■ 



15.2. Higher terms in the 5-adic expansion 

The above congruences can be extended to higher powers of 5 by studying more carefully 
the structure of the various coefficients of the tables. In the light of our previous comments 
regarding the existence of nontrivial fifth roots of unity we will restrict attention for the 
remainder of this section to the case 5|p — 1 and set k = We start with the observation 
that the quartic i?i may be written in the form 

= {l-ptf{l-pHf + 5^a{il;)t{l-pt){l-pH) + 5^P{ilj)pt^. 

That a quartic 1 + ait + b\pt'^ + a\p^t^ + p^t^ can be written in this form is trivial, 
the interesting feature however is that the coefficients Q;i('i/') and that appear are 

integers. It is interesting also that this statement is true if we regard ^/^ G as the 
fundamental parameter so that the parameter A = 1/(5-0)^, used extensively in [1] is 
necessarily a fifth power. If one defines a manifold as in (17.1) of Appendix A then one 
can regard A as running over all of I^. In this case weaker congruences obtain mod 5. Of 
course the manifolds defined in these two ways are only isomorphic over 1^ when A is a 
fifth power. 

A trivial rearrangement of the previous expression yields 



= l + 5'a^iiP)- — — + 5^PiiiP)p 



The quadratic factor corresponding to the conifold as well as the denominator of Cm, which 
we shall denote by D{t), have a structure similar to that of 



1 - apt + p^ ^ .2 t 

{l-pt){l-pH) {1 - pt){l - pH) 



^^^^ = l-ip-lfip+l) 



{1 - pt)^{l - pH)^ ' ' {l-pt){l-pH) ' 
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The coefficient ap that appears in the first of these relations is an integer furthermore the 
coefficient on the right in the second of these expressions is also divisible by 25. The a's 
and /?'s also satisfy the congruence 

aji{'ip) = —aB{ip) = Sai{'ip) + mod 5 . 



The structure revealed by these expansions allows us to to make 5-adic expansions of 
the polynomials that make up (m- We find, for example, that the ratio Ri/D has the 
expansion 



{l-t){l-pt){l-pH){l-pH) ^\{i-pt){l-pH) 

An advantage in organizing the expansion in powers of ^^^^ expansion 

is then invariant under the replacement i ^ zIt- 

For and the statements are a little weaker. These polynomials both have 
expansions of the form 

- l+5aA{v)PT^ I^T; PA\W)P 



(1 -pty{l-pHY ' "^-^^-^^^ {i-pt){i-pH) " ^-^y^'^ y{i _ pt){l - pH) 

with the Q!yi(^/') and integers. We therefore obtain Cm mod 5""*"^ by expanding 

Cm/ ((1 — —p^tY^^) as a power series in t/ ((1 — pt){l — p^t)) as far as the term 

of order n. 

Working mod 125 we find 

1 - 25q!^(V') 



(l-pt)ioo(l-p2t)ioo - ^^"^^ {l-pt){l-pH) 

t 



{l-pt){l-pH) 
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16. Open Questions 



Our analysis leaves many questions unanswered. We list here some important loose ends. 

16.1. Primes and Kdhler classes 

There is a striking analogy between the hyperplane class, e, that appears when we use the 
method of Frobenius in relation to the periods and the p-adic p. The Frobenius period 

oo 
n=0 

enters when we calculate the Nj. via the periods and semiperiods as in [1] . A first point is 
that s is in reality the Kahler form of the manifold. This has been made clear by the studies 
of Hosono, Lian and Yau [5] and of Stienstra [6] . For our situation the relation = is 
a reflection of the corresponding relation for the Kahler form. Later when we introduce 
the first scmiperiod we use instead the relation £^ = corresponding to considering e to 
be the Kahler form for the embedding P^. If there is more that one Kahler parameter 
then we have e = Xlfc^^^fc where the are parameters and the a basis for H^. In 
particular the Ck satisfy the vanishing relations appropriate to the intersection ring. Now 
it is striking also in [1] that the quantity e is analogous to the p-adic p. In particular in 
order to compute the number of rational points we need only work mod p^. The analogy 
between primes and divisors is one of the basic ideas in algebraic number theory. It is 
therefore of interest to repeat our analysis for a manifold of more than one parameter. 

16.2. The mirror map and large complex structure limit 

Closely related to the issue of how to introduce Kahler parameters is the question of the 
mirror map and the precise relation between the structure parameters of a manifold and the 
Kahler parameters of the mirror. A proper understanding of the large (complex) structure 
limit is clearly also desirable. 
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16.3. Modular properties of the C,- function 

We have seen that the ^-function for the conifold is related to a modular form and relations 
of this type are known for rigid manifolds for which the motives are two dimensional. The 
question arises however as to whether the i?-factors that appear in the (^-function are also 
related to modular functions. 

16. 4.. The Euler curves 

This is an item of lesser significance since it relates most directly to the particular family 
of manifolds that we have studied here. However a better understanding of the significance 
of the Euler curves is also desirable. 
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17. Appendix A: The Large Complex Structure Limit 



We may regard ip as ranging over PIF^ so '0 = oo is an allowed value. There seems however 
to be at least two ways to take this limit in the defining polynomial. One procedure is to 
regard the defining polynomial as 

P = u {x\ -\- x\ -\- x\ -\- x\ -\- xV) — 5v X1X2XSX4X5 , with if; = — . 

u 

If we do this then the polynomial corresponding to '0 = 00 is Xi — 0. This is the set of 
Xi that have at least one coordinate zero. Thus 

which does not lead to an ^-function of the right form. Perhaps this should not surprise 
us since we probably want to count the points of a resolution of the singular variety. One 
resolution of this way of writing the singular manifold is its 'normalization' which in this 
case gives five disjoint hyperplanes. This would seem to give an ^-function of the form 

In any event the process of resolving the singularity does not seem to be unique since 
we could also proceed in the following way. Take the defining polynomial and make the 
change of coordinate, for t/j e 1^*, bif^xi = y then the polynomial becomes 

P = Xy^ + xl + xl + xl + xl-yx2X3X4X5 (17.1) 

and we can now take i/' = 00 to correspond to A = 0. The variety corresponding to 
A = is singular at the single point (y, 0,0, 0,0). One can construct the resolution of 
this singularity. It will certainly be connected and so cannot consist of five disjoint Ps's 
as previously. In any event consider now z/s(oo) for the singular variety (17.1) over F^. 
Assume first that 5 / g — 1 then we count by considering how many solutions there are with 
precisely r of the four coordinates {x2, Xa, a;4, X5) equal to zero. 

If r = then we can rewrite the equation 

™5 I ™5 _|_ ^5 i_ ^5 

^ X2X3X4X5 
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so there are {q — 1)^ solutions of this type. If r = 1 then we have to count solutions of 
equations of the form 

xf + + x^. = , k distinct 

with none of these coordinates zero. There are Aq ((g — 1)^ — (q — 1)) of these. For r = 2 
there are 6q{q — 1) solutions to the equations = 0. There are no solutions for r = 3 

and for r = 4 we have the q solutions {y, 0, 0, 0, 0). If we subtract 1 corresponding to the 
origin and divide out by {q — 1) to account for the scaling of the coordinates we find 

N^{oo) = q + q'^ + q^ . 

this leads to an ^-function of the form 1/((1 —pt){l —p'^t){l —p^t)) which is not what we 
want either. 
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18. Appendix B: The Probenius Period 



The purpose of this section is to review the general expression that Hosono, Lian and 
Yau [5] give for the Probenius period in terms of the toric data. The point of immediate 
interest is that it makes clear the fact that the e that has appeared in our use of the 
Probenius method to construct solutions of the Picard Puchs equation for a manifold A4 
really is the hyperplane class of P4 [5] . More generally the Probenius period for a manifold 
Ai takes values in the even cohomology of the mirror. Note that the total dimension of 
ii'i ( W) © H2 ( W) © (W) © Hq (W) is 2/1^1 (A^) + 2 so this gives the correct count to give 
a complete basis of periods for M.. 

Let A4he a Calabi-Yau manifold given as a hypersurface in a toric variety Pv by the 
zero locus of a polynomial 

with the convention that the coefficient, ai, of the fundamental monomial is included with 
a negative sign. It is shown in [5] that the following period satisfies the GKZ system 

-("'^^ = r(-fl, + i) 2: n.«.r(TD„ + i)„ + i)''' ■ 

In this expression the Dm for m 7^ 1 are the toric divisors of Pv that correspond to the 
monomials while 

mgA 

denotes minus the cohomology class of W. The sum in (18.1) is over curves 7 in the Mori 
cone of Pv with 7 • Dm denoting the intersection number of 7 with Dm- It is useful to 
think of 7 also as a vector in the space dual to that spanned by the divisors. We extend 
this vector by prepending a component 71 defined to be minus the sum of the remaining 
components. With this convention 7 has length equal to the number of monomials m. We 
denote also by D = (Di, . . .) a vector with components Dm and with these conventions 
a?'^^ denotes Hme A o^?""'"'^'" . 
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18.1. The mirror quintic 
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We want to revisit the periods for the mirror quintic. There are four of these and one 
complex structure parameter. So for the present discussion Ai is the mirror quintic and 
A is the smaU polyhedron with the five vertices and the interior point as its only points. 
We prepend a 1 to each m and stack the vectors to form a matrix as we have done before 



(18.2) 



It is now simpler to label the divisors Di, Di, . . . , D5 with Di corresponding to the fun- 
damental monomial. Written this way the divisors Di with i = 0, . . . , 5 correspond to 
the coordinate planes Xi = of Ai. There are linear relations between the divisors that 
we can read off from the columns of the matrix. The first column provides the relation 
Di = — Yl^=i while the other columns tell us that the Di,i = 1, . . . , 5 are all equal. 
Thus Di = H,i = 1, . . . ,5 and Di = —5H. Since the Kahler cone is one dimensional so 
is the Mori cone. The Mori cone lies in the null space of the matrix (18.2) and it can be 

shown that h = (—5, 1, 1, 1, 1, 1) has the right sign. Thus 7 = nh, n = 0, 1, Return now 

to the defining polynomial 

P — ai xl + a2X2 + a3 xl + a4^x^ + xl — X1X2X3X4X5 

1 

and make the change of variable Xi = yi/af . This brings P to the form 

P = yl + yl + yl + yl + vl - '^'^ yiy2y3y^y5 

with 5ip = 01/(0102030405)^ but then 

O1O2O3O4O5 u 

A = E = o . 

of 

We have seen that D — (—5, 1, 1, 1, 1, 1)H though the fact that the same components 
appear here as in the curve /i is a coincidence particular to this simple example. Finally 
we note that j ■ Di — nh ■ H — n for i — 1, ... ,5 and 7 • Di = — 5n. Putting the pieces 
together we find 

r.(n - + r(5g + 5n + i) 

which we indeed recognise as the Frobenius period. 
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18.2. The mirror of the octic 



As a second example of the application of (18.1) we take the mirror of the manifold 

fl 1 2 2 2l 

P4 ' ' ' [8] that has two parameters and was studied in detail in [9]. The mirror corre- 

f 1 1 2 2 2I 

sponds to a quotient P4 ' ' ' [8]/r such that the most general octic is of the form 



yi+y2 + yt + yt + yt- 20 ytyt - H yiy2yiyAy^ 



(18.3) 



f 1 1 2 2 2I 

Now it was show in [9] that for ' ' ' [8] there are two homology classes H and L that 
generate the Kahler cone and that 

Ds = D^ = D5 = H and Di = D2 = L (18.4) 

where the Di correspond to the vanishing of the coordinates j/j. We proceed as before with 
a matrix that is now 



(18.5) 
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The columns of the matrix confirm (18.4) and tell us additionally that 

D:l = -^H and Dq = 2L - H . 

The null space of the matrix is two dimensional and we need to choose in this space a basis 
for the Mori cone. It is straightforward to do this in terms of combinatorial properties 
of the matrix however since this is not our main interest we can guess the answer by 
examining the large complex structure coordinates which for this case are 

2(j) . 1 



A 



and fi 



By writing out the general form of the mirror octic 



P = ai x\ -\- a2 X2 + 03 x\ + 04 0:4 + 05 x\ + ae x\x\ — ai xiX2X2,X4^x^ 



and scaling coordinates we find that 

03040506 



A 



01 



and jjL 



01O2 
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So we guess (correctly) that the generators are given by the exponents in these relations 
(A,//) = (a'*, a') with 

h = (-4,0,0,1,1,1,1) and I = (0,1,1,0,0,0,-2). 

Setting now ^ = nh + ml we find (18.1) now reduces to 
T{H + 1)3 r(L + 1)2 T{H -2L + 1) 



w{a, D) = 



oo 



r(4iy + 1) 

r(4i7 + 4n + l) yn+H„rn+L 



T{H + n + 1)3 r(L + m + 1)2 T{H -2L + n-2m + l) ^ 

To make contact with the fundamental period given in [9] we set H = L = in this 
expression and note that, owing to the factor of V{n — 2m + 1) in the denominator, the 
resulting summand vanishes for n < 2m. Hence 

oo oo ^1 

^o(A,/.) = E E (n\r{minn-2m)l^^^^ 

m=0n=2m ^ / V / V / 

(8m + 4s)! {~2(j)y 



8m+4s 



oo oo 

= yy — 

^o^((2m + .)!)'(m!)2.! (8^) 

Where the last line follows on making the change of variable n — 2m + s and is precisely 
the period given in [9]. 
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